Budker INP/2000-63 
UNICAL-TH 00/3 
July 2000 



ONE-LOOP REGGEON-REGGEON-GLUON VERTEX 
AT ARBITRARY SPACE-TIME DIMENSION * 



V.S. Fadin a \ R. Fiore 6 *, A. Papa fe x 

a Budker Institute for Nuclear Physics, 
Novosibirsk State University, 630090 Novosibirsk, Russia 
b Dipartimento di Fisica, Universita della Calabria, 
Istituto Nazionale di Fisica Nucleare, Gruppo collegato di Cosenza, 
1-87036 Arcavacata di Rende, Cosenza, Italy 



Abstract 

In order to check the compatibility of the gluon Reggeization in QCD with the 
s-channel unitarity, the one-loop correction to the Reggeon-Reggeon-gluon vertex 
must be known at arbitrary space-time dimension D. We obtain this correction 
from the gluon production amplitude in the multi-Regge kinematics and present an 
explicit expression for it in terms of a few integrals over the transverse momenta of 
virtual particles. The one- gluon contribution to the non- forward BFKL kernel at 
arbitrary D is also obtained. 
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1 Introduction 



Two years ago the kernel of the BFKL equation |l|] was obtained in the next-to-leading 
order (NLO) |2|, £| for the case of forward scattering, i.e. for the momentum transfer 
t = and the singlet colour representation in the t-channel. This long awaited event 
had led to the appearance of a number of papers (see, for instance, |§] and references 
therein) devoted to the problem of possible applications of the NLO result in the physics 
of semi-hard processes. 

An important way of development of the BFKL approach became the generalization 
of the obtained results to the non-forward scattering || . For singlet colour representation 
in the t-channel, the generalized approach can be used directly for the description of a 
wide circle of physical processes. The generalization for non-singlet colour states is also 
of great importance, especially for the antisymmetric colour octet state of two Reggeized 
gluons in the t-channel. This case is especially important since the BFKL approach is 
based on the gluon Reggeization, although the Reggeization is not proved in the NLO. 
Therefore, at this order the Reggeization is a hypothesis which must be carefully checked. 
This can be done using the "bootstrap" equations [|, [| appearing from the requirement 
of the compatibility of the gluon Reggeization with the s-channel unitarity. In the BFKL 
approach the scattering amplitude for the high energy process A+B — > A'+B' is presented 
as the convolution of the impact factors <&a>a and &b'b, which describe the A — > A' and 
B — > B' transitions in the particle-Reggeon scattering, and the Green's function G for the 
Reggeon-Reggeon scattering. The bootstrap conditions for the impact factors are already 
checked both for the gluon and quark scattering, for helicity conserving and helicity non- 
conserving amplitudes |8|]. We remind that the impact factors are infrared finite || 
for colourless particles only. Considering scattering amplitudes at the parton level, one 
needs to use an infrared regularization. We use the dimensional regularization, which 
is commonly adopted. Remarkably, the bootstrap conditions for the impact factors are 
satisfied at arbitrary space-time dimension D = 4 + 2e. 

The kernel of the BFKL equation in the octet channel must also satisfy the bootstrap 
condition (which is called "first bootstrap condition"). This condition was checked (also 
for arbitrary D) in the part concerning the quark contribution to the kernel Of course, 
the most important (and most complicated for verification) is the gluon part of the first 
bootstrap condition. The gluon part of the kernel in the NLO is expressed in terms of 
the two-loop gluon trajectory, the one-loop effective vertex for the gluon production in 
the Reggeon-Reggeon collisions (RRG-vertex) and the two-gluon production contribution. 



The last contribution was obtained recently (TT|. Since the two-loop gluon trajectory |12 
and the one-loop RRG-vertex |TJj are already known, it seems that the bootstrap condition 
could be checked. But in the bootstrap equation 

g>Nt f d^ qi f d D -% rX ;(8)(i) (fi>&;?)=a; (i) (t)w ( a ) (t)i (L1) 



2(270^ J q?(qi ~ q) 2 J q 2 2 (q 2 - q) 

where g is the coupling constant, N is the number of colour, q is the transverse momentum 
transfer, t = —q 2 , K,^^ is the one-loop contribution to the non-forward octet kernel, lo^ 1 ' 
and o>( 2 ) are the one- and two-loop contributions to the gluon trajectory, the integration 
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over the transverse momenta q\p, is singular. Therefore, in order to check at least the 
terms finite for e — > in cu^ in the R.H.S. of Eq. ( |1.1|) , one needs to know the kernel in 
regions of singularities at arbitrary e (because, for example, the region of arbitrary small 
q\ does contribute, so that ((ft 2 ) 6 cannot be expanded in powers of e). Unfortunately, 



the kernel with such accuracy is not known yet, although for the gluon trajectory [12 



and for the two-gluon contribution to the octet kernel [II] the integral representations 
for arbitrary D are known. The problem is in the one-gluon contribution or, in other 
words, in the RRG- vertex. Let us note that, from now on, we will talk only about the 
gluon part, i.e. consider pure gluodynamics, since the quark part of the vertex is known 



at arbitrary D |Tj|. Instead, in the gluon part firstly only the terms finite for e — > were 
kept |H| , but in the process of calculation of the forward BFKL kernel, it was understood 
that in this kernel the RRG- vertex at small transverse momenta k of the produced gluon 
must be known at arbitrary D. After this, the vertex at small k was calculated |H| at 
arbitrary D. Later the results of [T3|, [T^] were obtained by another method in [TB|]. But 



for the verification of the bootstrap equation (L~I) it must be known at arbitrary D in a 
wider kinematical region. Therefore it became clear the necessity of the knowledge of the 
RRG-vertex at arbitrary D, especially taking into account that it can be used not only 
for the check of the bootstrap, but, for example, in the Odderon problem in the NLO and 
so on. 

In this paper we calculate the RRG-vertex in the NLO and its contribution to the 
non- forward BFKL kernel at arbitrary D. In the next Section we calculate the amplitude 
of the gluon production in the multi-Regge kinematics for gluon-gluon collisions. The 
RRG-vertices are defined and calculated in Section 3 and the one-gluon contribution to 
the BFKL kernel in Section 4. 



2 The gluon production amplitude 

The RRG-vertex can be obtained from the amplitudes of the gluon production in the 
multi-Regge kinematics (in other words, in the central kinematical region) at collisions 
of any pair of particles. We will consider the gluon-gluon collisions and use intermediate 
results obtained in [|H| for this process, which are valid at arbitrary D. We will use the 
denotations pa and p B (pa> and pb>) for the momenta of the incoming (outgoing) gluons, 
k and e(k) for momentum and polarization vector of the produced gluon; qi = Pa — PA' 
and q2 = Pb' — Pb are the momentum transfers, so that k = q\ — q 2 . All the denotations 
are the same as used in |13||, except that for the momentum of the produced gluon, which 



was called pn there. The kinematics is defined by the relations 

s > sx ~ s 2 > ~ |t 2 | , (2.1) 

where 

s = (pa+ Pb) 2 , si = {p A > + kf , s 2 = (p B > + k) 2 , t 1>2 = q\ 2 ■ (2.2) 
In terms of the parameters of the Sudakov decomposition 

k = pp A + aPB + k± , qi = PiPA + aiPB + Qi± , (2.3) 
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the relations fl2.1|) give 

1 > /3 » ft > -ai ~ — , -a 2 > /3 2 - — , 

s s 

si « s a , s 2 « s /3 , £ 2 = -fc^ « . (2.4) 

s 

Here and below the vector sign is used for the components of the momenta transverse to 
the plane of the momenta of the initial particles p A and ps- 

Since we are interested in the RRG-vertex, we will consider the amplitudes with con- 
servation of the helicities of the scattered gluons (helicity non- conservation in the NLO is 
related with the gluon-gluon-Reggeon vertices only, which are already known at arbitrary 
D JHJ). This amplitude can be presented in the form (cf. flKj) 

= 2sg 3 T2, A ^T? 2C ±T$ B e;(k)A»(q 2 , qi ) , (2.5) 
ti t 2 

where T b " are matrix elements of the colour group generator in the adjoint representation 
and the amplitude A 11 in the Born approximation is equal to C^(q 2 , qi): 

ALm = Cn<?2, qi) = -qil - <fi£ + — (k 2 - 2q 2 ) - & {k 2 - 2q 2 ) . (2.6) 



It was shown in |L3| that at one-loop order the amplitude can be presented as the 
sum of three contributions, which come from integrations over the momenta of the virtual 
gluons in three different kinematical regions: the region of fragmentation of the particle 
A, the central region and the region of fragmentation of the particle B. Correspondingly, 
we represent as 

A" = A" Born + A» A + A*. + A% , (2.7) 

where for the contribution of the fragmentation of the particle A, we obtain from Eq. (63) 
of PI 

T 2 (l + e) (-2) 



A" A = C^q 2 , qi )g 2 (q{ 



2\e 



T(4 + 2e) e 2 



3 (1 + eY + t 



(2.i 



where g 2 = g 2 NT(l — e) / (4ir) 2+t . In the derivation of (|2.8|) from Eq. (63) of |13| , we have 
used the relations 



Si 



(D-2) 



qi±a Ql±a' 
n 2 

qi± 



o 



e A\ e *A'\ $±aa' 



(2.9) 



for the polarization vectors e A \ and e A >\ of the particles A and A' with the definite 
helicity A in the D-dimensional space-time. The analogous relations exist for the particle 
B. Evidently, the contribution from the fragmentation region of the particle B can be 
obtained from (|2.8|) by the substitution q 2 — > q 2 . 



The contribution of the central region is given by Eqs. (77), (80) and (81) of At 



this step in |13| was not yet made an expansion in e. Let us pay attention that in these 
formulae the anti-symmetrization with respect to the substitution ps < — > —Pb' must be 
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done. The formulae (80) and (81) of [TjJ can be greatly simplified and the contribution 
A^, with accuracy up to terms proportional to and therefore not contributing to ( |2 . 7| ) . 
can be presented as 



2g 2 N 



(27T) 



- S llCfa, gi) - 2h 2 V» 



sihhA — 



A(D-2)p p A p B 



I p °{q 1 )-2t 1 P -^I p A 



p 

Z2V A 



+4A?™/£ - 2tJ 3A + k 2 I 3 - 21 2 {q x ) 
81 



SlS 2 , , r , sit 1/r2 T2 p A 



, t 1 t 2 I 5 + ^(k 2 -t 2 )h A -2k%^Ii 
4 A Si 



k%I 3 - P 21 2 { qi ) + tJ ZA - t 2 I 2 ( qi ) 



2 [g 



i'i> 



S2 



tl s 2 jp 



l 3A 



L.2 „(T 

-2p-2)^^/f( gi ) 



ti s x 



-4(D - 2) 



PaPb 



I% pa + I pp k a - (gi) 



-stit 2 



+ J£ 

S2 



where 



+ 2(P + t 1 + t 2 ) 



A 4 A 1 

p M _ Pa Pb 
si s 2 



2^/ 2 (gx) - J 3 M 



(2.10) 



(2.11) 



and S is the operator of symmetrization with respect to each of the substitutions p A 
—p A and Pb < — ► — Pb and anti-symmetrization with respect to the substitution 



Pa < — ► Pb , Qi < — * -ft 

The Ps in Eq. (|2.10| ) are the integrals introduced in 



(2.12) 



jPl---Pn 



{q) = -f d D p 
1 J 



pf 1 ! . . . pA 4 " 



J 3 



jPl---P>r\ 

1 3A 



- / ^ 



(p 2 + ie)[(p + q) 2 + ie] 



pf 1 ! • • • pf 1 ™ 



- / d D p 



{p 2 + ie) \{p + qi ) 2 + ie] [{p + k) 2 + ie] 

pi 11 • • • pf 1 ™ 

(p 2 + ie) [(p + qi) 2 + ie] [(p + p A ) 2 + ie] 



r(l) 



(p 2 + ie) [(p + qi) 2 + ie] [(p + p A ) 2 + ie] [(p - p B ) 2 + ie] 

1 



(2.13) 



ll d " p 



(p 2 + ie) [(p + gi) 2 + ie] [(p + g 2 ) 2 + ie] [(p + Pa) 2 + is] ' 

1 

(p 2 + ie)[(p + q x ) 2 + ie][(p + q 2 ) 2 + ie][(p + p A ) 2 + ie][(p - p B ) 2 + ie] 

(p + gi) M 



(p 2 + ie) [(p + gi) 2 + ie] [(p + g 2 ) 2 + ie] [(p + p A ) 2 + ie] [(p - p B ) 2 + ie] ' 

In the representation ( [2.10|) the transversality to the momenta k^ (which guarantees the 
gauge invariance of the amplitude) of the first three terms with square brackets is evident, 



4 



while the transversality of the last three terms can be easily checked with account of the 
anti-symmetrization (|2.12|) . 



The integrals with two or three denominators (I 2 1 "' IJ ' ri , I^ 1 '"* 4 ™, fln ) were calculated 
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13H at arbitrary D, whereas for the other integrals the expansion in e was used. It 
occurs that, in the multi-Regge kinematics (|2~T| ), the integral I4 can also be calculated 
at arbitrary D, as it is shown in Appendix A. Unfortunately, the integrals I4A, I5 and 
I§ cannot be expressed in terms of elementary functions at arbitrary D. It is possible, 
however, to perform the integration over the longitudinal variables in the Sudakov de- 
composition for p and to express them in terms of the same (D — 2)-dimensional integrals 
over p, which appear in the two-gluon contribution to the kernel [|ll|]. This is done in 
Appendix A, where, for completeness, the integrals with two and three denominators are 
also given. 

The integrals which cannot be expressed through elementary functions, and will be 
used below, are the following: 



X 



4A = 



1 dx 



ol-xJ^Td-e) 



x 



[(1 - x)k 2 + x(h + g 2 ) 2 Pi - xkf (h + q 2 y(h - k) 2 \ 



X 



1 dx 



1 
£3 



x 



d 2+2 *h 



X 



n 1 +^T(l-e)k 2 [(l-x)k 2 + x(k 1 -q 1 ) 2 ] {(h - xk) 2 {h - k)< 



1 



7r 1+e r(i 

x 3 = 



<0 k1(h - q^ih 
d 2 + 2 "h 



In 



Q2) 



(ki -qi) 2 (h- q 2 ) 
k 2 kj 



Tr^l-e) kHh-qtfih 



Q2) 



(2.14) 



as well as X 4 s, which is obtained from X 4 ^ by the substitution q\ < > —q 2 , and X5 1 , £3 

and X3 , the first of which differs from the integral X5 by the factor (k\ —qi)± and the other 
two from £ 3 and X 3 , respectively, by the factor kij_, in the corresponding integrands. 

Using the results of the Appendix A, one gets 



AH 



{fj, /i ' 

-2M 2 Xf + r as C^(g 2 , qi ) + 2t irA ^ - 2t 2 r B ^- 
si s 2 , 



(2.15) 



where 



n 



1£ + C% + ^ In 



1 

2 



2\2 



ut 



]L2 ^+t 2 x iB + lM{q 2 r 



r(2e) 



-iln 
2 



s(s)(k 2 ) 
si(s 1 )s 2 (-s 2 

Sl(-Si) 



x 3 ) 



+2 

n 



+ 2^(e) -V(2e) -V(l 



'ti(3 + 14e + 8e 2 ) -t 2 (3 + 3e + e 2 



2e(l + 2e)(3 + 2e) 
k 2 tie 



+ 



(2 + e)t 2 -et 
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^ . 1 i / s(-s)(fc 2 ) 2 . 

J- 5 = J 5 - £3 - - In / fV S I Js 
2 I si(-si)s 2 (-s 2 J 



T 2 (e) 



2\e 



1, [ «l(-Sl)«2(-S2) 

2 n l 



s(-*)*i 



+^(l-e) +^(2e) 



+ 



T 2 (e) 



2t 1 (l + 2e)r(2e)(3 + 2e) 



2\e+l 



[ll + 7e) 



t 2 {ti+t 2 )-et 1 (t 1 -t 2 ) + 



2\2 



(2 + e)t 2 -et] 



(A < — > B) 



(ti-t 2 ) 3 

r B = r A {A <— > £) . (2.16) 

Here and below A < — ► £ means the substitution ( |2.12| ). The amplitude A^ must be 
anti-symmetric under this substitution. The amplitude fl2.15| ) has this property since 
C^(q 2) qi) (Eq. (|2.6|) ) and (Eqs. (|2.16|) ) change their sign under this substitution. 



Note that in all physical regions we have s\s 2 j s = k 2 , so that 

s(-s)(k 2 ) 2 



In 



(2.17) 



(s 1 (-s 1 )s 2 (-s 2 )) 

Below we will work in the physical region of the s-channel and use this relation. 

The total amplitude A 11 is defined by (|2.7|) , ( p.8|) and ( 2.15 ) and can be represented as 



a 

Pa 



Pb 



A" = C»(q 2 , qi ) (l+tr) +t -n x t 2 T» + 2t irA ^ - 2t 2 r B ^ } , (2.18) 
v 7 si s 2 



where 



r = r a 



2 r 2 (l + e) 



3(l + e? + e 2 )((q?y + (q 2 2 y 



(2.19) 



e 2 T(4 + 2e) 

and r^, and r B are defined in Q2.16|) . The gauge invariance of the amplitude ([T5 
follows from the properties of the amplitudes ( |2.8|) and ( |2.15| ): 



k^A A — k^A B — k^A 1 ^. — . 



(2.20) 



The first two of these relations follow evidently from the transversality of C fJ, (q 2 ,q\) 
(Eq. (|2.6|) ), whereas the last of them is not so trivial and is fulfilled due to the equality: 



2 &/i ^5 — /. 



T(2e 

+V(1 -e)- -0(e) +V(2e)- -0(1)) 



, 2 ^ V s( _ s)t 2 



A < — ► B 



:2.2r 



which is derived in the Appendix B. The amplitude can be written in an explicit gauge 
invariant form if we use an analogous relation, also obtained in the Appendix B: 



2 (qi + q 2 )n H = f+ = { -tift ~ %4B ~ 



r 2 (e) 

r(2e) 



(?2 



2^-1 [l ln ( Sl(Sl)s 2 (-S 2 y 



s(-s)t 2 , 



+V>(l-e)-V(e)+V(2e)-V(l) 



-(k 



'2\e- 



i ^ i ln ( s 1 (-s 1 )s 2 (-s 2 y 

s(-s)(k 2 ) 2 



+ V(l-e)-V(e) 



+ A < — ► 5 



Since the general form for F^ is 

Fg = r_k^ + r + {q l + q 2 ) 
we can express r_ and r in terms of /_ and /,: 



r f-(tf-tf)-f + k* 
Rewriting then (|2.23|) as 



8(g?# - (gift) 2 ) 



(2.22) 



(2.23) 



(2.24) 



Ft = r k^-r, 



C»(q 2 ,q 1 ) + 2q 1 q 2 



'Pa _ Pji 
St s 2. 



2 Vsi s 2 . 



(2.25) 



and using this equality in the expression ( |2.15| ) for A^,, we obtain the explicitly gauge 
invariant form for the amplitude A^ L : 



A» = C»(q 2 , Ql ) (1 + fr c ) + V»f 2ht 2 r v 
where the terms proportional to fc M were omitted and 

T 2 (e 



(2.26) 



^5 

2 



r C = { txh [ r + + ) + t 2 l AB + ^r(q?y 



-^(1 - e) + 



1 



r(2c) 



-3(1 + e) 



+ 2^(e)-^(2e) 



2e(l + 2e)(3 + 2e) V " N ' '' 1 + e 
+ (ti-t 2 ) 3 



+ 



ti(3 + 14e + 8e 2 ) -t 2 (3 + 3e + e 2 
ti — t 2 



(2 + e)t 2 -eti 
X 4R 1 T 2 fe 



+ <A< — ► B 



J / - - x ^1 + ^2 ^- -MB . 

t> = i (gig 2 )r + — — — + - 



2T(2e; 



2\e-l 



1 , / si(-si)s 2 (-s 2 ) 



(*1 - t 2 ) 



+V>(e) - V(l - e) - V>(2e) + 



t2(ti+t 2 )-et 1 (t 1 -t 2 ) 



t 2 (l + 2e)(3 + 2e) 

(fc 2 ) 2 
(ti-t 2 ) 3 



i 2 



h-t 2 

(2 + e)t 2 -et 1 



s(-s)tl 
(11 + 7e) 



+ V>(i) 



A < — ► 5 



(2.27) 

The functions r + , JF 5 and Z 4 £ entering Eq. Q2.27|) are given by ( [2.21| )- (|2.24j ), (|2.16|) 
and (|2.14|), respectively. 
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3 The Reggeon-Reggeon-gluon vertices 



Since the production amplitude must not have simultaneously discontinuities in the over- 
lapping channels s± and s 2 , it cannot be a simple generalization of the Regge form for the 
elastic amplitude. Instead, it has the form O, [1] 



%g*A» = r(ti; k 2 )T(t 2 ; k' 2 



+ 



— Y 

k 2 ) 



s 2 \ 



+ 



A' 2 



-si 
k 2 



k 2 



k 2 



+ 



k 2 



k 2 



(3.1) 



where LOi = u(ti) and we have chosen k 2 as the scale of energy, since with this choice the 
one-gluon contribution to the BFKL kernel is expressed through the RRG-vertex in the 
simplest way [18]. r(^; k 2 ) are the helicity conserving gluon-gluon-Reggeon vertices; they 
depend on k 2 as on the energy scale [Q . and are the right and left RRG- vertices, 
depending on q\ and q 2 . They are real in all physical channels, as well as T(tf, k 2 ). 



In the one-loop approximation we have 

u{t) = w W(f) = -f 



T 2 (e) 



T(2e 

T{t ] k 2 )= g(l + rU(t;k 2 



2\e 



(3.2) 
(3.3) 



where 



T W (t;k 2 )=g 



T 2 (e) 



2\e 



T(2e 
9(l + e) 2 + 2 



4(l + e)(l + 2e)(3 + 2e) 2 
In the same approximation we obtain from ( |3.1|) 



rhil- 



q- 



(3.4) 



T^\t 1 ;k 2 )+T^\t 2 ;k 2 ) + ^^ 



0J\ + UJ 2 

4 



2\2 



hi 



s(s)(k 2 ) 
si(-si)s 2 (-s 2 ) 



R^+L^ + {R^-L^) 



(k 2 ) 2 

UJ\ — <JJ 2 

4 



— In ' S2 ^~ S2 ' 



In 



2 V (k 2 ) 2 , 

' s x {-sx)s 2 {-s 2 ) 
, s(-s)(k 2 ) 2 



(3.5) 

where now cui = u^'fa). Since in the physical region of the s-channel the relation ( [2.1 7|) 
holds, the combinations R^ + and R^ — L M are determined by the real and imaginary 
parts of the L.H.S. of Eq. ( |3.5| ) in this region. Using ( |2.18| ) and comparing the imaginary 
parts in ( |3~5f ), we obtain: 



2gf 



LO\ — 0J 2 



2t 1 t 2 Ig+(c»(q 2 ,q 1 )-4t 1 ^ 
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-[A* — >B] 



(3.6) 



We can express Zg in term of T 3 by comparing the imaginary parts of ( j2.25| ). In this way 
we obtain from (|3.6|) the explicitly gauge invariant expression: 



r 2 ( e ) 



10\ — UJ 2 



r(2e) 



{qiq2)C»{q2,qi) + 2q?qiV» 

qNi - (qiti) 2 



X 



qfqfk 2 X 3 + 



r 2 (e) 
r(2 e ; 



(3.7) 



Evidently, the same result is obtained from the imaginary part of Q3.5|) if the representa- 
tion ( |2.26|) for is used. 

The integral X 3 (see ( |2.14| )) cannot be expressed through elementary functions at 
arbitrary D. For e — > we have (see |13 or Appendix C) 



2\e 



(qi 



(3.8) 



Using this expression we obtain from ( p.7|) 



for e — > 0, in agreement with 



C»(q 2 ,qi)[~ + (k 



Z2\e 



(3.9) 



(see also IS )• 



It's easy to obtain from (|3.7| ) also the limit k — > at arbitrary D. In this limit the 
main contribution to the integral I3 (see fl2.14|) ) comes from the region k\ c± q\ ~ q 2 , so 
that in the integrand the replacement 



kl Q 2 



qi + <?2 



(3.10) 



can be made. After this we have gently 



X 3 



T 2 (e) (jfe 



2\e-l 



T(2e) Q 2 ' 



(3.11) 



and using this result we see that only the first term in curly brackets in ( |3.7| ) does con- 
tribute, so that in the limit k — > at arbitrary e we obtain 



29t -m M m { p Y , 



L0 1 - U) 2 



r(2e) 



(3.12) 



in agreement with [15|, |16[ . 



The real parts of (|3.5|) , with account of (|2.18|) , give 

R» + L» = 2g [C^q 2 , gi ) (l+g 2 f) 
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= Pa 



A 1 

^ Pb 



+g 2 -2M 2 (Z£ + ££) + ~ 2t 2 f B ^ 



81 



S'2 



(3.13) 



where X5 and £3 differ from the integrals X5 and £3 defined in Q2.14| ) by the factors 
(ki — qi)j_ and ki^_, respectively, in the corresponding integrands, 



2r(2e) 



In NU +^(l)+2V>(e)-^(l - e)-2^(2e) 



2(l + 2e)(3 + 2e) I - g 2 < 



^ + ^(ll + 7 e) + 2 e ^ 



_ 4 . ^ViV 2 2 



te 2 - <?2 2 ) 2 {qi - <?2 2 ) 3 



-{A^B}, 
(3.14) 

-g?^(I 5 - A) + qi^B + ^|y(?2 2 ) e ( ln (§ I " - + ^ - £ ) + ^ 2e ) 



r 2 (e) 



1 



g; 2 r(2e)2(l + 2e)(3 + 2e) 



*2\e / 9lW /n , n\ 1 ,j?2-»2 ^l 2 ^ 2 



f 2 ->2 ^2 + ?2 2 2fc 2 

"K Qi Q2 



2\3 



+ [A < — >B] 



and 



r B = r A (A < > B). 



(3.15) 



(3.16) 



As well as i? M — L M , we can present i? M + L M in the explicitly gauge invariant form. It can 
be done using the real part of Q2.25| ) to express X5 and £3 in terms of X 5 , £3 and Xl4,b. 
We obtain: 



(X 5 -£ 3 



-qMk)x 4B + ^ (^(?ig 2 ) - V>(1 - e)) + (gf) e (g 2 £) (in ] - tf(l) 



-V-(e) -e) +^(2e) 



k 2 q 2 q 2 



fi 2 - g 2 2 ) 3 



^(e)-^(2e) + 



1 



2(l + 2e)(3 + 2e) \ gf - qi 
r 2 (e)(g?) e 



^4(ll + 7e) + 2 er ^ 



(?t-?2 2 ) 2 



r(2e)(l + 2e)(3 + 2e) 



qjqj 
qi - <? 2 2 



(11 + 7e) + efc 2 g 2 



7*2 ^2 ^2 q.\ + ?2 2 ^fc 2 

" qi " 2 (qi ~ qi) 3 



- g 2 (A < — > b) 



qj - k 2 
(qi ~ & 

(3.17) 



The same result is obtained from the real part of (3J3) if for A^ 1 the representation ( p. 26 ) 
is used. 
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The integrals X5, £3 and Taa,b defined in ( |2.14j ) cannot be written in terms of elemen- 
tary functions at arbitrary e. For e — > we have, with accuracy up to terms vanishing in 
this limit (see Appendix C): 



X5 — £3 



qiqi 



1 fgg 



2 k 2 



q_[k 2 
Ti 



7T _ 



2L 1 



qi 



Qi 



2 k 2 



7i~" 

T 



qj± 
9? 



it 



2L 1 



qi 



1iB - 

qi 



(q 2 Y - 2(q 2 Y tt 



. + 2L1-I 



6 



q-2 



where 



L(x)= / yln(l-t). 
Jo t 



(3.' 
(3.19) 

(3.20) 



Using these integrals, we obtain from ( 3.17 ) 
R» + LV = 2g{c»(q 2 , qi ) (l+g 2 



iln(P)-iln 2 (P) 



e 

,-2 1 r»2 



2 uv 2 



fc' qj + qj i h i ft + & 4fc gi 92 

3 - g 2 2 ) 2 6 qi - q 2 (qi - g 2 2 ) 3 



In 



q{_ 

si 



k' 2 



(qi - qi) 2 

k 2 qjqi 
(qi ~ qi) 3 



(qi(qi-k 2 )+q 2 2 (q 2 2 ~k 2 ))+ (ll 



2^2 



Q1Q2 



qi - qi 



(qi + qi - 2k 2 



In 



(3.21) 



in agreement with [J^j, taking into account the difference in the energy scales (see [ |18|j ) 
and the charge renormalization (remind that in all formulae above the bare charge g is 
used) . 

The limit k — > at arbitrary Z) can be also considered without difficulties. The value 
of the integral I5 in this limit is known ||15|| . In the s-channel physical region 



7T 2+ T(l- e 



T 2 (e) (k 



2\e-l 



T(2e) S Q2 
Therefore from ( |C.2| ) and ( |3.11| ) we obtain 

r 2 (e) (Py- 1 

r(2c) Q 2 



(e) - 4j(1 - e) + m] 



(3.22) 



X5 — £3 



1-el 



(3.23) 



The integral X 4 ^ (see ( |2.14| )) is finite at k — > and can be calculated in this limit by 
standard methods. We have 



J 



L4 



- r(2«) lv 



2\e-l 



(e) - ^(2e)} 



(3.24) 
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Using ( ggg ) and ( ggg ), we obtain from (P7|) 



R 11 + = 2gC»(q 2 , Ql ) (l + ^ 2 ^y (£ 2 ) e [^(e) - V>(1 - e)A , (3.25) 



that agrees with [pj|, |16 , taking into account the difference in the energy scales (see |T 



4 The one-gluon contribution to the BFKL kernel 



The complicated analytical structure ( |3.1|) of the RRG-vertex is irrelevant for the calcu- 
lation of the contribution of the one-gluon production to the BFKL kernel at the NLO, 
where only the real parts of the production amplitudes do contribute, because only these 
parts interfere with the leading order amplitudes, which are real. Therefore, with the 
required accuracy, the production amplitude can be presented in the same form as in the 
leading order: 



A 2 _> 3 = 2sT% A (Jj - T c / !A ^ ciC2 ( qi ,q 2 ) (Jj - I% B , (4.1) 
where Ui = tj(ti), k 2 is used as the energy scale and 

7 c d 1C2 (<?i,g 2 ) = \r d C2C1 e;(k) (^ + u) . (4.2) 

The contribution of the one-gluon production to the BFKL kernel for non-forward scat- 
tering with momentum transfer q and irreducible representation TZ of the colour group in 
the t-channel is [18, H 



JC2ffi«L,&«) = 1 ^^^ ^iU („,*) fa , (4.3) 

where n-ji is the number of independent states in the representation TZ, the sum is per- 
formed over colours and polarizations of the produced gluons and 

9i = 9i - Q > Q2 = ( l2-q- (4.4) 

The most interesting representations TZ are the colour singlet (Pomeron channel) and the 
antisymmetric colour octet (gluon channel). We have for the singlet case 

(c^lAM = 5c ^fyi , ni = l, (4.5) 



and for the octet case 



fcic' 1 cfc2C' 2 c 



(c 1 c[\Vs\c 2 c' 2 ) = JC1 ^ 2 ^ , n 8 = N 2 -l, (4.6) 



where f a bc are the structure constants of the colour group. The vertex ( O ) is explicitly 
invariant under the gauge transformation 

e"(Jfe) -> e^k) + k» X , (4-7) 
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so that we can use the relation 



E e ; (A) (*)4 A) (*) = -^- 

A 

Substituting (|4.2|) in ( |4.3|) , using ( |4.8|) for the sum over polarizations and 
for the sum over colour indices, we obtain with the NLO accuracy: 



(4.t 



(4.9) 



8(2tt) d 

where for the singlet (TZ = 1) and octet (TZ = 8) cases 



-2g [CM, q[)(R + LY + C„(<&, q x ){B! + L'Y 



cx = N 



N 

C8 = y 



(4.10) 



C li {q2i qi) is defined in (|2.6| ), the sum (R+L)^ is presented in two different forms in fl3.13Q - 
( |3~T6| ) and Q537D , (# + L')^ is obtained from (R + LY by the substitution 



9i -> 9i = 9i - 9 



92 -> g 2 = ?2 - g . 



(4.12) 



The convolution over the vector indices in ([4.10 ) is easily performed with the help of the 
relations 



^(92,91)^(92,91) = 2 9 ~ 



2 QiQp + q^qf 



k 2 



^(92,9i)^ = ^i^-L 



(4.13) 



In general case the convolution does not lead to noticeable simplifications, so that it has 
no sense to rewrite (|4. 10 ) in unfolded form. But at q = there is a huge simplification 
due to the equality 



C M (92, 9i) [(9i9~2)^(92, 9i) + 29?9t^ 
For this case we obtain 







(4.14) 



2^*2 



9 cn 9i 9 2 



{2ti) d - 1 



k 2 



l + 2g 2 \ -qil 4B + 



(k 



2\e 



k% 2 



(9i 2 - 92 



2\3 



(3(9*i 2 + 9"2 2 )-2fc 2 ) + e 



r(2e) 

r 2 (e) t{g?Y +1 

r(2e) (l + 2e)(3 + 2e) 
9 2 - 79 2 2 fc 2 



.(^(e)-^(l-c)) 



-12 



«2 



9i 2 - 9? 



(9; 2 - 9?) (9? - 9 2 2 ) 2 



(29-2 + q% - k 2 



13 



(4.15) 
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A Appendix 



In this Appendix we give the expressions of the integrals relevant for this paper, among 
those having the general form of Eqs. ( ^.13| ). The integrals with two or three denominators 
were already calculated in [13j at arbitrary D. Those with four and five denominators 
were calculated in Ref. fl3| in the e-expansion. Unfortunately, it is not possible in general 
to express them in terms of elementary functions at arbitrary D. It is possible, however, 
to perform the integration over the longitudinal variables in the Sudakov decomposition 
for the integration variable p and to express the result in terms of (D — 2)-dimensional 
integrals over p. As an illustration of the method, we will show in some details the 
steps involved in the calculation of I4 for which it turns out that, in the multi-Regge 
kinematics ( |2.1|) , the complete integration can be performed. For the remaining integrals 
with four of five denominators, we will merely list the results. 



Let us start from the integrals with two or three denominators: 



h(q) = ~ [ d D p 
1 J 



1 



7T 



2+e 



r(i-e) r 2 



TO = ~ [ d D p 
1 J 



- I d D p 



(p 2 + ie)[(p + q) 2 + ie] 

p^p v 1 
(p 2 + ie)[(p + q) 2 + ie] ~ 4(3 + 2e) 

1 

(p 2 + ie)[(p + qi) 2 + ie][(p + k) 2 + ie] ' 



2(1 + 2e) r(2e) 



2\e 



(a.i; 



2(2 + e) q»q v - q 2 
l + 2e I 2 {q 2 ) - I 2 ( qi ) 



h{q) 



U -U 



(A.2) 
(A.3) 



d°p 



(p 2 + ie) [(p + qi) 2 + ie] [(p + k) 2 + ie] 



„ h{qi) - h{q2) 



t-2 



+ 



h) 2 



J 3 



- / d D p 



p fl p u 



1 + e 



(A.4) 



g^ til 2 ( qi ) - t 2 I 2 {q 2 



(p 2 + ie)[(p + qi) 2 + ie] [(p + k) 2 + ie] 4(1 + e) 



U -U 



h{qi) - hfa) , k^ + k v q? -tj 2 { qi ) + [(1 + e) h - et 2 )]I 2 {q 2 



+ 



h-h 
k^k u 



2(1 + e) 



(ti - h) 2 



e(l + e) 



Ut 



1^2 



1 + e 



(A.5) 



1 3 



J) 1 ^ 



(g^k" + g w k v + g up k^ 



(p 2 + ie) [(p + gi) 2 + ie] [(p + k) 2 + ie] 
t 2 I 2 (q 2 ) - tj 2 {qi) 



4(3 + 2e)(t 1 -t 2 ) 

t 2 I 2 { qi ) - [(2 + £ )t 2 (ti - t 2 ) + t 2 ]I 2 (q 2 ) 
4(l + e)(3 + 2e)(t 1 -t 2 ) 2 

, nW ( 2 + e ) [W ~ /a(fe)] 



2(3 + 2e)(ti -t 2 ) 
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+ [q p q\k p + q p k u q p + k p q v q p 
+ [q>tk v k p + k p q 1 ik p +k p k v q p 



tihjqi) - [h + (1 + e)(*i - t 2 )]I 2 {g 2 ) 
2(3 + 2e)(t!-t 2 ) 2 

2t\I 2 { qi )- [2*2+ (2 + e)(t! - t 2 )(2t 2 + (1 + e)(*! - t 2 ))\I 2 {q 2 ) 



+k p k u k p 



3(3 + e)t 2 



2(l + e)(3 + 2e)(ti-t 2 ) 3 
3[t?/ 2 ( gi )-t|/ 2 (g 2 )] 



e(l + e)(3 + 2e)(*i - 1 2 ) 4 



+ 



3t 5 



e(l + e)(3 + 2e)(t 1 -t 2 ) 3 (h - t 2 ) 2 \2(3 + 2e) e(l + e) 
1 / 1 



4/^ 



+ h-t 2 { 4(3 + 2e) + e + 4 
1 



/ 2 (g 2 )j , 

l + 2e/ 2 (gi) 



(p 2 + is) [(p + gi) 2 + is] [(p + p A ) 2 + is] 



(p 2 + + q\) 2 + + R4) 2 + is] 



<7? 



J 2 (gi) 



(A.6) 
(A.7) 
(A.8) 



Let us consider now integrals with four or five denominators. As anticipated above, 
we will show in some detail how to calculate 1^ and simply give the final results for the 
remaining integrals. 



The integral under consideration is 



J 4 



(p 2 + is) [{p + qi} 2 + ie] [(p + p A ) 2 + is] [(p - Pb) 2 + ie] ' 
The Sudakov decompositions for the integration momentum p and for qi are 



(A.9) 



p = j3p A + ap B + p± , 



q\=PA~ PA' 



s 2 q{ 

—Pa Pb + qi± 

s s 



After changing the integration variables to a, (5 and p± and using 



d D p = -dad(3d u -' A p , 



]D-2„ 



(A.10) 



(A.ll) 



we perform the integration over the variable a by the method of residues. This leads in 
the multi-Regge kinematics to the following result 



r(i) 



Ti f Q d(3(3 2 J 



d D - 2 p 



S2 



p 2 (p + (3q l ) 2 \p 2 + (3(1 - (3)(-s - is)] 
d D ~ 2 p 



% Jo m J ^[(p + ^y + Pil-m'W+PQiy + ^-^i-^-ie)] 



(A.12) 



The first integral in the R.H.S. of the above equation can be manipulated as follows: 

,1 . , d D-2 p 



j(l) 



i _7r /o W2 /p 2 (p + « 2 [p 2 + /3(l 



P)(s-ie)] 



16 



7T 



d 



D-2 



P 



p 2 (p + qi) 2 Jo 
d D ~ 2 



d/3- 



0) 



D-5 



1 - p)p 2 + p(-s - ie) 



71 



P 



dp- 



D-5 



p 2 (p + q\) 2 Jo p 2 + P(—s - ie) 

where the first equality follows from the change of variables p — > (3p and /3 
the last approximated equality holds since in the s —>■ oo limit s + p 2 = 
integral over j3 can be performed: 



(A.13) 

-> 1 — (3, while 
s. Then, the 



o 



o 



s + p 
1 



o 



dp 
o 5 + p 



ft 



+ 



dp 
o 5 + 



5 + 



V>(1) — ^(D — 4) + In ( - 



(A.14) 



where 5 = p 2 / (s—ie) is a quantity tending to zero and ijj(x) is the logarithmic derivative 



of T(x). After performing the integration over p±, we obtain for 



r(l) 



the following result: 



r(l) 



7T 



2+e 



r(i-e) r 2 



?2\e 



S U 



r(2c) 



In 



— s — Z£ 



^(1 



(A.15) 



In the last expression, the terms — ie which appears in the argument of the logarithm fixes 
the prescription for the analytic continuation of this function to the region of positive s. 
In the following, this term will always be omitted in the final results, but it should be 
understood to accompany — s, —si or — s 2 every time these quantities appear in the 
argument of the logarithm. The second integral in the R.H.S. of Eq. flA.12 ) can be 
decomposed as follows: 



r(l) 



-7T- 



S2 



dPp 2 



d 



D-2 



P 



— 71- 



S2 



ip + Pqi) 2 [P 2 + 0(1 - m 2 ][P 2 + 0(1 - P){-82 - ie)] 
~ n ~Jo m j p 2 (p + PqiYtf 2 + P{1- P)q?\ 

(A.16) 



dpp* 



P 2 (p + Pqi) 2 [p 2 + 0(1 - P)(S2 - ie)] 



where it has been used that in the multi-Regge kinematics s 2 3> q 2 . The second integral 



in the R.H.S. of the above equation has the same structure as 



(see Eq. fl03| )) 



and does not need to be calculated. The first one can be easily evaluated by the usual 



Feynman parametrization technique. The final result for 



r(l) 



is then 



r(l) 



7T 



2+e 



T(l-e) T 2 



r(2 e ; 



2\e 



In 



-tl 

s 2 



+ V(1)-V(1 



(A.17) 



Combining Eqs. ( A.15 ) and ( A.17 ), we obtain the final result for /, 



(i). 



r(l) 



71 



2+e 



T(l-e) T 2 



t2\e 



St\ 



r(2e) 



In 



s 2 



(A.18) 
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The same procedure described for the calculation of I± can be applied for the integrals 
hA, h and /5 1 , except that for them the integrations in the transverse space cannot be 
performed in complete way. We list here the final results: 



UA 



7T 2 +T(1 - e) 

Sl 



r 2 (e) 



T(2e 
7T 2+ T(1 - e 



-si 



-h 



In 



+ ^(l_ e )_ 2 ^( e ) + ^(2e)J +X 4A , 

(A.19) 

s)£ 2 



/'/ M J 4A ,^ J 4B , VT 2+ T(l-e) 



S S 



-In 



1-3 + ^3 ~~ 1-5 

[S)P 



(si)(s 2 ) 



(A.20) 
(A.21) 



where 



4A- 



dx f d 2+2e h 



X 



1 - xJ7r 1+e T(l - e) [[(l _ x )k\ + x{k x + <f 2 ) 2 Pi - xA;) 2 + q 2 ) 2 (kx - k) 2 _ 



1* 



^5 



1 dx f d 2+2e h 



X 



1-x J 7r 1 +^T(l-e)kf[{l-x)kl + x(k 1 -q 1 ) 2 ]\{k 1 -xk) 2 {h-ky 



1 dx 



{h - qi) 



x 



1-xJ - e) k 2 [(l - x)k 2 + x(k x - q x ) 2 } \(Jfei - a;A;) 2 - fc) 2 



rf 2+2t A; 1 



7^+^(1 - e) k 2 {k\ - q^ih - q 2 ) 2 

d 2+2 *h kS ± 

7T 1 +T(l- e )fc2^ i _ g - 1) 2 ( ^_ g -' 2) 2 

f d 2+2e kt I 




7^+^(1 -e) ^-gi) 2 ^-^ 2 



x 3 



rf 2+2e A; 1 



(A.22) 



vr^rXl - e) kKh - qt^h - q 2 ) 2 ' 

I^b in the expression for (Eq. ( |A.21| )) is obtained from J 4 a by the replacements pa *- 
Pb and q\ < — > — q 2 . In the multi-Regge kinematics these replacements imply that I4B 
Iaa{s\ -> s 2 ,gi < — > -<f 2 )- 



B Appendix 



In this Appendix we derive the relations ( 2.21[ ) and ( |2.22 ). Let us consider first Eq. ( |2.21 ). 
From the definition of given in the first of Eqs. (|2.16 ) and from the expression for I5 
given in Eq. ( |A.21 ), we obtain 



71 



2+e 



r(i 



a T U I^A . u hB 

Qih-PA +Pb 



1 5 




(B.l) 
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If we contract both sides of the above equation with 2k^, we get 

s 



^ 5 ~ vr 2 +T(l - e) 



(ti — t 2 )l 5 J-AA H iAB + *4 ~ I 4 

S S 



1 J S{S1){ - S2) \ 

2 ^ (-s)sis 2 ) 
where we have used the relations 



r 2 (e) 
r(2c) 



*2\e-l /->2\e-l 



r( 2 ) _ /■(!) 
, jn _ 1 A 1 A , T /i _ ^ 



i r 2 (e) 

2T(2e) 



to 2 ) 6 " 1 - (a?) 6 " 1 ) + 



ti-t' 4 



(B.2) 



(B-3) 



if^ in Eq. ( p.2| ) is obtained from by the replacements pa < — > Ps and gi < — > —q 2 . In 
the multi-Regge kinematics these replacements imply if^ 1 = /| (ii — > t 2 , s 2 — > si). Using 
Eqs. ( IPsD - flPoD and the third of Eqs. (glgp in the R.H.S. of Eq. (gj ), it is easy to 
obtain the relation ( |2.21| ). 

Let us consider now the relation fl2.22p . Starting again from Eq. ( |B.1[ ) and contracting 
both sides with 2{q x + q 2 )^, we get 



r(l) 



2{q l + q 2 ) lx ^ 



vr 2 + e r(l - e) 



+ - In 

2 



' *(-*i)(-*2) ' 
, (-s)sisa , 



r 2 (e) 
r(2c) 



(gt) 6 " 1 + (# - 2(k i )<- 1 )+(h + t 2 )X 



where we have used the relations 



r(l) , j(2) 

(?i + fcW = 4 T 4 - J* + tl/ 5 



(?1 + <l2)^[ 



1 r 2 (6) 

: 2T(2e) 



M _ 14 j- i 4 

2 



W-A , *1 + *2 



In the previous expressions a new integral appeared 



J 4 = 2 I d D p 



1 



[(P + <?i) 2 + ie ] [(P + <?2) 2 + ie] [(p + Pa) 2 + ie] [(p - Pb) 2 + ie] 



(B.4) 



(B.5) 



(B.6) 



It can be evaluated using the procedure illustrated in Appendix A for the integral I\ 
The result is 



(i) 



vr 2 +T(l - e) T 2 (e) p 
s f{2e} { } 



In 



:-s)k 2 



+ V(e)-V(l-e) 



(B.7) 



Using Eqs. flP8D -(|PcD, (CT and the third of Eqs. ( £13) in the R.H.S. of Eq. (gg ) 
it is easy to obtain the relation ( |2.22| ). 
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C Appendix 



In this Appendix we consider the e — > limit for the integrals X 3 , X 4j 4 and for the 
combination X 5 — £ 3 . The definitions of these integrals are given in (2.14). The integral 
X 4S , whose expression for e — > is given in Eq. ( |3.19| ), can be obtained from X 4 ^ by the 
replacement q\ < — ► —q 2 . 



Let us start from X 3 . This integral was calculated in the Appendix II of Ref. |L3] to 
the order e°. We report here its expression 



<?iV [e \ k 2 )\ q?l 



q 2 k 2 



i . 

- + In 

e 



<gfc 2 
<f 2 2 



2 1.2 



- + In 

e 



<7i 2 



2^6 



(fffc 2 )'- 1 (qik 2 )*' 1 

I / _»o\ , l 



(& 



(<?i 2 



(C.l) 



where the last approximated equality holds with accuracy 0(e). 



The combination of integrals X 5 — £ 3 can be expressed in terms of the I5 and X 3 , 
according to Eq. (|A.20| ): 



Xs — £3 



7r 2 + e r(l -e] 



h + In 



-s)k 2 



si)(-s 2 ) 



X a 



(C.2) 



The integral Is was calculated in the Appendix III of Ref. [|13|] to the order e 

s 



0. 



7r 2 + e r(l -e) 



+ 
+ 

where 



qiqi 



q 2 k 2 
1 

qik 2 



1 1 . 
^7 + - In 



s)qMi 



-s)q?qi 



s x ){-s 2 ) i 



+ -ln 2 



:-si)(-s 2 ) 



+ 



7T 



1 , 1 ]n / (-5l)(-S 2 )gi 2 \ , 1 , 2 ( (SM-Sjtf } _ 

- 2 £ \ (- S )g 2 2 J + 2 1, (s)q 2 2 ) 

si)(s 2 )qi ) + 1 1t)2 / (-si)(- a2 )^ \ _ 

V (- s )<?i 2 / 



1 1 , 

-7 + - In 



2 
(it 
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Using in ( |C.2| ) the expression for X 3 given in the first line of Eq. QC.1|) , we get 
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where the last approximated equality holds with accuracy 0(e) and we have used ln(— s) = 
Ins — in and the analogous relations for s\ and S2, valid in the s-channel physical region. 



Finally, let us consider T±a- According to ( |A.19| ), it can be written in the following 



way: 
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The integral I^a was calculated in the Appendix III of Ref. [ 13 1 to the order e : 
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Using this expression in the R.H.S. of Eq. ( |C.6|) together with the expansion to the order 
e° of the second term in the R.H.S. of the same equation, we get 
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where the last approximated equality holds with accuracy 0(e). 
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